We report theoretical, numerical and experimental studies of resonant dispersive wave (DW) generation in synchronously pumped passive Kerr resonators. Our results demonstrate that multiple DWs can be simultaneously excited when pumping in either the anomalous or normal dispersion regimes. They correspond to the fundamental DW that propagates phase-matched to the pump, and to higher-order Kelly-like sidebands whose resonant amplification is permitted by the cavity periodicity. In addition, we experimentally confirm that the DW frequencies can be controlled by adjusting the phase detuning between the pump and the cavity. Our experimental measurements are in excellent agreement with numerical simulations and derived phase-matching conditions. c 2014 Optical Society of America OCIS codes: (140.3510) Lasers, fiber; (140.7090) Ultra-fast lasers; (060.5530) Pulse propagation and solitons.
The generation of resonant dispersive waves (DWs) is a central process in nonlinear optics [1, 2] , with important implications to fiber supercontinuum generation [3] [4] [5] , novel wave propagation phenomena [6] [7] [8] , mode-locked lasers [9] [10] [11] [12] , and microresonator frequency combs [13] [14] [15] . It describes the transfer of energy from a strong pump to a weak linear wave, and occurs when the dispersion of the nonlinear medium permits phasematching between the interacting fields. The majority of studies have considered soliton-like pumps propagating in the anomalous dispersion regime, but recently it has been shown that even a normal-dispersion pump is capable of emitting a weak anomalous-dispersion DW [16] [17] [18] .
In conventional waveguide configurations only radiation that propagates in-phase with the pump is amplified, which typically gives rise to a single emitted DW [1, 3] . To the contrary, in periodic systems also radiation that is quasi phase-matched can couple to the pump, which can lead to multiple DWs. Kelly sidebands in mode-locked fiber lasers represent an archetypical example [9] [10] [11] , yet similar sidebands can occur under any form of periodic perturbation [19] . In particular, both fundamental and quasi-phasematched DWs have been predicted in the anomalous dispersion regime of a coherently-driven passive resonator [13, 20] , which has attracted interest in the context of frequency comb generation in high-Q microresonators [13] [14] [15] . More recently cavity DWs have also been predicted in the normal dispersion regime, where they are emitted by mixed dispersive-dissipative shock waves [21] . A unique feature of these systems is that the detuning between the input pump and the modes of the cavity assumes an important role in the phase-matching condition governing the DW emission process [15] . Despite the growing interest, however, DW generation in passive resonators has only recently been studied experimentally [22] . These experiments relied on temporal cavity solitons [23] [24] [25] , and as consequence were restricted to anomalous dispersion pumping and to a constant cavity detuning. Phasedependent dynamics have been observed in feedbackassisted supercontinuum generation [26, 27] , but the effect on DW characteristics was not discussed, and no comparison with phase-matching predictions presented.
In this Letter, we report a full experimental study of DW generation in a coherently-driven passive resonator. In contrast to [22] , here we synchronously pump the resonator using a wavelength-tunable mode-locked laser, which allows us to explore both normal and anomalous dispersion pumping. In both regimes we observe simultaneous excitation of fundamental and higher-order quasi phase-matched DWs. Our configuration enables flexible control over the cavity detuning, permitting us to verify its key role in governing the DW resonance frequencies and to identify a range of new phase-matching features.
We consider a passive resonator with Kerr nonlinearity, pumped with a pulse source centered at ω 0 whose repetition rate is synchronized to the free-spectral range of the cavity. Constructive interference at the input coupler can lead to coherent transfer of power from the pump to a linear DW, provided that the phase difference they accumulate over a single roundtrip is equal to 2πm (m is an integer). During the time t R it takes for the intracavity field to complete a single roundtrip, the phase of the pump at the coupler changes by φ p = −ω 0 t R , whilst an intracavity component at ω acquires an additional component due to propagation over the ring φ s = β(ω)L − ωt R , where β(ω) is the propagation constant in the medium and L the length of the loop. Requiring φ s = φ p + 2πm, we obtain a phase-matching condition that governs the frequency of resonant DWs:
Here the β k 's are the dispersion coefficients associated with the Taylor series expansion of β(ω) about ω 0 [3] , and δ 0 = 2πk − φ 0 with φ 0 = β 0 L describes the phase detuning of the pump wavelength from the closest cavity resonance with order k [28] . In lasers δ 0 = 0, and Eq. (1) reduces to the expression describing the frequency detuning of Kelly sidebands [9] [10] [11] . If the pump repetition time t P is not fully synchronised with the cavity, such that ∆t = t R − t P = 0, an extra term (ω − ω 0 )∆t appears on the right-hand side of Eq. (1). This term is equivalent to the usual group-velocity mismatch term that arises when the DW generating pump is not centered at ω 0 (about which β(ω) is expanded) [3, 18] , but here it manifests itself due to pump-cavity desynchronization.
To experimentally study the process, we use the setup shown in Fig. 1 . It is conceptually similar to the one used to study cavity modulation instability in [28, 29] , and corresponds to a synchronously-pumped, phase-stabilized resonator constructed of 10.3 m loop of single-mode optical fiber, closed on itself with 90/10 input couplers. We control the overall dispersion of the cavity by using two different types of fiber: (i) standard SMF-28 with second-and third-order dispersion coefficients β 2 = −19.8 ps 2 /km and β 3 = 0.1 ps 2 /km, respectively, and (ii) a dispersion-shifted fiber (Corning MetroCor) with β 2 = 7.0 ps 2 /km and β 3 = 0.1 ps 2 /km at 1550 nm. Note that dispersion coefficients beyond the third order are negligible for these fibers and can be neglected (β k = 0 for k ≥ 4). Moreover, whilst our cavity is constructed from two different fibers Eq. (1) still remains valid, provided that the dispersion coefficients used correspond to mean values of the cavity. The resonator is pumped with a wavelength-tunable 20 MHz passively mode-locked fiber laser (Calmar FPL-02C). The pulse width and peak power at the input to the cavity is estimated to be 600 fs (FWHM) and 250 W, respectively. The pump is coupled into the ring via the 90/10 coupler C1 and circulates in an anti-clockwise direction.
To synchronize the repetition rate of the pump laser to the fiber loop we adjust the cavity length using a static fiber stretcher. Moreover, a dynamic piezo-electric stretcher and a commercial PID circuit (SRS SIM960) are used to stabilize the average out-coupled power at a set level, ensuring that the detuning between the laser and the cavity is locked to a fixed value. Owing to the large (of the order of π) Kerr-induced phase tilt of the cavity resonance [28] , we can access a wide range of detunings δ 0 . This should be contrasted with experiments performed with temporal cavity solitons, whose sensitivity to cavity detuning prevents large δ 0 excursions [22] .
The locking system ensures constant detuning but does not reveal its value. To measure it we use a technique similar to that in [28, 29] . Specifically, a weak (5%) copy of the pump acts as a linear reference beam that is simultaneously coupled into the loop, propagating in the opposite direction than the main pump (here clockwise). Because this weak beam does not experience any Kerr tilt, the cavity lengths at which its resonances peak correspond to δ 0 = 0, for both the clockwise and anti-clockwise beams. (This is confirmed by dropping the power of the main pump to 5% and verifying that their resonances coincide.) By scanning the piezo-electric stretcher we can then compare the distance between a linear peak and the lock point (l) to the separation between consecutive linear peaks (l ′ ). This allows us to calculate the value of the cavity detuning as δ 0 = 2πl/l ′ . In addition to experiments we perform numerical simulations using a full iterative cavity map, where propagation through each fiber segment is modelled using a generalized nonlinear Schrödinger equation [3] . The pump is coherently added to the intracavity field in the beginning of each roundtrip (with appropriate detuning), and we include output coupling as well as splice losses so as to match the finesse of the modelled cavity with that measured experimentally.
We first consider pumping in the anomalous dispersion regime. To this end, we construct a loop consisting of 7.12 m of MetroCor fiber and 3.18 m of SMF-28, which sets the net cavity zero dispersion wavelength (ZDW) to 1534 nm. We measured the finesse of this cavity to be F ∼ 18. The pump wavelength was tuned to 1542 nm where the net dispersion is anomalous with β 2 = −0.64 ps 2 /km. In Fig. 2(a) we plot the spectrum exiting the loop with the cavity detuning locked to δ 0 = 1.46 rad. We can see that the spectrum shows multiple fine features and sharp DW-like peaks that are absent at the input. Figure 2(b) shows the output spectrum obtained from numerical simulations, and it is in good qualitative agreement with the experiment. The roundtrip-to-roundtrip evolution of the simulated spectrum is shown in Fig. 2(c) , and the system is seen to reach a steady state in approximately 30 roundtrips. In Fig. 2(b) we also highlight, as dashed lines, the theoretically predicted DW frequencies given by the linear phasematching Eq. respectively, with the m = −1 dispersive wave absent. We believe the discrepancy between predicted and observed shifts for these DWs is due to our somewhat limited knowledge of the fiber characteristics. We next investigate the generation of DWs when pumping in the normal dispersion regime. To this end, we construct a second cavity consisting of 7.95 m of MetroCor fiber and 2.35 m of SMF-28, which sets the ZDW at 1561 nm. The finesse of this cavity was measured to be F ∼ 12. To access normal dispersion, we set the pump wavelength to 1556 nm where the average GVD coefficientβ 2 = +0.42 ps 2 /km. In Fig. 3(a) we plot the measured output spectrum when the cavity detuning was locked at δ 0 = 1.28 rad. Interestingly, we can identify a fundamental DW at 1534 nm, which is well within the normal dispersion regime. At first this may seem surprising, since a normal-dispersion pump is forbidden to emit a DW into the normal dispersion regime under previously studied configurations [16] [17] [18] . Here, however, this process is permitted due to the presence of the (positive) cavity detuning parameter in Eq. (1). We indeed observe an identical feature in the numerically simulated spectrum, shown in Fig. 3(b) , where we also confirm it to correspond to a fundamental DW by highlighting how its position is accurately predicted by Eq. (1) with m = 0. In addition to the fundamental DW, our experiments also display a single higher-order quasi phase-matched DW (m = 1) at 1517 nm, which is in good agreement with numerical simulations and theoretical predictions. The simulated spectrum additionally shows the presence of several weak negative-order DWs. These are not observed experimentally, presumably as they fall below the noise floor of our optical spectrum analyzer.
To complete our study we investigate in more detail how the cavity detuning δ 0 affects the DW frequencies. For simplicity we consider only the fundamental and the clearly experimentally identifiable positive-order DWs. We perform experiments in both the normal and the anomalous dispersion regimes (using the same parameters as in the experiments above), and we systematically vary the cavity detuning over the full range of experimentally accessible values. This range is set for low δ 0 by the lack of power coupled into the cavity, leading to negligible nonlinear effects and no DWs, and for large δ 0 by our inability to lock the fiber loop too close to the peak of the tilted resonance. For each accessible value we extract the frequency detunings ∆f between the pump and the generated DWs.
Results corresponding to pumping in the normal and in the anomalous dispersion regime are summarized in Figs. 4(a) and (b) , respectively. Here, we compare the DW frequencies extracted from experimentally recorded spectra (open circles), with predictions of Eq. (1) (solid curves). With anomalous-dispersion pumping, we see how the fundamental DW is predicted to exhibit a comparatively small variation for experimentally accessible detunings, shifting from 4.6 THz at δ 0 = 1.4 rad to 5.2 THz at δ 0 = 2.4 rad. This is in reasonably good agreement with experimental observations. We also show predicted and measured DW frequencies for the first three positive-order sidebands, and observe similar trends and agreement. Note that although the variation for experimental detunings is small, the overall difference from the single-pass prediction (with δ 0 = 0) is more than 2 THz, highlighting the key role of the cavity phase detuning.
When pumping in the normal dispersion regime we observe a stronger detuning-dependence [see Fig. 4(b) ], with the frequency of the fundamental DW changing from 2.2 to 3.3 THz over the experimentally accessible values. This is in good agreement with the theoretical predictions. We can also see that, for cavity detunings close to zero, the phase-matching Eq. (1) actually permits three distinct fundamental m = 0 DWs (see inset). At δ 0 = 0 the frequency shifts of the blue-shifted solution and one of the red-shifted solutions fall to zero. This simply highlights that without the cavity detuning parameter, a normal-dispersion pump can only generate a single, anomalous-dispersion DW [16] [17] [18] . Unfortunately, this region is not accessible with our current setup because of low power transfer into the cavity for small δ 0 . We note however that increasingβ 2 or decreasingβ 3 would extend the region where these solutions exist, and so it may be possible in the future to study this regime using a differently designed cavity. Finally, multiple m = 0 DWs are predicted to occur also in the anomalous dispersion regime, provided that δ 0 < 0.
In conclusion, we have investigated the generation of dispersive waves in a passive Kerr cavity. We have shown both theoretically and experimentally that the cavity phase detuning provides an extra degree of freedom that can give rise to previously unreported phase-matching features. Using a synchronously pumped fiber cavity, we have experimentally observed fundamental and quasi phase-matched DWs when pumping both in the anomalous and in the normal dispersion regime. Their measured properties have been found to be in good agreement with numerical simulations and theoretical predictions based on phase-matching considerations. Our results could to lead to a better understanding of DW generation in periodic systems and passive resonators.
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